We show that HERA data for the inclusive structure function F 2 (x, Q 2 ) at small Bjorken-x and Q 2 can be reasonably well described by a color-dipole model with an AdS/CFT-inspired dipole-proton cross section. The model contains only three free parameters fitted to data. In our AdS/CFT-based parameterization the saturation scale varies in the range of 1 ÷ 3 GeV becoming independent of energy/Bjorken-x at very small x. This leads to the prediction of x-independence of the F 2 and F L structure functions at very small x. We provide predictions for F 2 and F L in the kinematic regions of future experiments. We discuss the limitations of our approach and its applicability region, and argue that our AdS/CFT-based model of non-perturbative physics could be viewed as complimentary to the perturbative description of data based on saturation/Color Glass Condensate physics.
I. INTRODUCTION
Experimental measurements of the proton structure function in deep inelastic leptonhadron scattering (DIS) at small Bjorken-x have been one of the most valuable sources of information for the exploration of a new regime of QCD which is characterized by high parton density. For sufficiently high energies/small Bjorken-x, perturbative QCD predicts that gluons in a hadron wavefunction form a Color Glass Condensate (CGC) [1, 2, 3, 4] . The main principle of the CGC is the existence of a hard saturation scale Q s at which nonlinear gluons recombination effects start to become important. The saturation scale insures that the strong coupling constant is small.
The saturation scale Q s grows rapidly with energy or a power of 1/x as follows from the perturbative nonlinear small-x Balitsky-Kovchegov (BK) [2] and Jalilian-Marian-IancuMcLerran-Weigert-Leonidov-Kovner (JIMWLK) [3] quantum evolution equations. The BK and JIMWLK evolution equations unitarize the linear Balitsky-Fadin-Kuraev-Lipatov (BFKL) [5] evolution equation at small-x in the large-N c limit (BK) and beyond (JIMWLK).
In the leading logarithmic (ln 1/x) approximation at fixed coupling, the BK equation predicts that Q 2 s (x) ∼ (1/x) 4.6 αs (α s is the strong coupling) [6, 7] , which is a much faster growth of the saturation scale than one expects phenomenologically from HERA data. On the other hand, it has been shown that next-to-leading-order (NLO) corrections to the BFKL equation (and therefore to BK and JIMWLK kernels) are large and negative [8] : they slow down the growth of the cross sections (and, therefore, of the saturation scale) with energy too much for the theory to fit the data. It is generally believed that the higher order corrections to the NLO BK and JIMWLK equations should remedy this problem and bring CGC theoretical predictions closer to the experimental data. This idea has been recently supported by the phenomenological success of the inclusion of running coupling corrections into the BFKL, BK and JIMWLK equations [9, 10, 11] .
Another possible way to constrain higher order corrections to the BFKL, BK and JIMWLK equations is to consider small-x evolution in the large coupling limit. At large coupling all higher order perturbative corrections are summed up: thus the behavior of the scattering amplitude and cross sections at strong coupling should serve as a guide to estimate the size of higher order corrections to the perturbative (small coupling) evolution equations.
Indeed strong coupling analytic calculations are not possible in QCD. In light of this, one may resort to other QCD-like theories, such as N = 4 super Yang-Mills (YM) where one can perform calculations in the non-perturbative limit of large 't Hooft coupling by employing the Anti-de Sitter space/conformal field theory (AdS/CFT) correspondence [12] . Analysis of high energy scattering amplitudes in the AdS/CFT framework was pioneered in [13, 14] .
Applications of AdS/CFT techniques to DIS were further developed in [15] .
Very recently, the authors of [17] calculated the total cross-section for a quark dipole scattering on a nucleus at high energy for a strongly coupled N = 4 super Yang-Mills (SYM) theory using AdS/CFT correspondence. The forward scattering amplitude for thedipole-nucleus scattering was derived in [17] and exhibited an interesting feature: at high energy the amplitude would stop growing with energy, becoming a constant. Such phenomenon happens even for the range of dipole sizes where the interaction is still not very strong, outside of the black disk limit. At very small dipole sizes the amplitude continues to grow fast with energy, in qualitative agreement with the findings of [13, 14] (see [17] for details). The slow growth with energy of the DIS cross section found in [17] may allow one to identify it with the soft pomeron contribution [16] . As such the amplitude may be compatible to DIS data in the (presumably) non-perturbative region of small Q 2 . Indeed one has to keep in mind that the results of [17] were derived for N = 4 SYM theory, and their relation to QCD should be qualitative at best.
The main aim of this paper is to confront the color-dipole scattering amplitude on a nucleus from [17] with the available HERA data. It is not a priori obvious whether the available data at HERA are in the kinematics regime of validity of this model. Given the non-perturbative nature of the AdS/CFT approach, we expect this model to be valid at small x but also at small Q 2 where the experimental data is very limited. Below we show that the HERA data for the inclusive structure function F 2 (x, Q 2 ) for x < 6 × 10
and Q 2 < 2.5 GeV 2 can be well described within the color dipole picture inspired by the AdS/CFT approach of [17] . We extract the saturation scale from the dipole-proton scattering amplitude fitted to HERA data. We show that, unlike the perturbative predictions for its behavior, the saturation scale given by the AdS/CFT approach of [17] becomes independent of energy/Bjorken-x at very high energy, while being energy-dependent at lower energies.
This leads to a new phenomenon, the x-independent behavior of F 2 structure function at very small x and Q 2 . We point out that qualitatively similar behavior of F 2 (i.e., slowing down of the x-dependence at small-x) is expected from the CGC approach as well [11] .
The paper is organized as follows: in Sect. II we briefly recall the color dipole description of structure function F 2 . In Sect. III we introduce the AdS/CFT model for the dipole-target forward scattering amplitude. In Sect. IV we present our AdS-inspired fit to the HERA F 2 data. In Sect. V we plot our fit for the F 2 structure function and extend our curves to make F 2 predictions for smaller values of x than measured at HERA. We do the same for the charm structure function F
Thedipole-proton cross-section σ(r, x) incorporates QCD effects. It is usually written as an integral of the imaginary part of the forward scattering amplitude N(r, b, x) over the impact parameter b [2] :
where bold letters denote two-dimensional vectors in transverse plane. Following the usual approach we will neglect the b-dependence in N making the integral in Eq. (3) trivial giving the proton's transverse area factor: σ(r, x) ≡ σ 0 N(r, x).
The proton structure function F 2 and the longitudinal structure function F L can be written in terms of γ ⋆ p cross-section,
The contribution of the charm quark to the wave functions in Eqs. (2) feeds into Eqs. (1) and (4) directly giving the charm structure function F c 2 . In the CGC framework the dipoleproton forward scattering amplitude N can be found by solving BK or JIMWLK evolution equations [11, 21] . Alternatively there exist many different phenomenological approaches to model both CGC and non-perturbative effects in the dipole cross-section or amplitude which can be then tested against the HERA data, see [22] and references therein. Here, we show that the AdS/CFT-inspired color-dipole model of [17] predicts a new scaling behavior for the proton structure function at very small x and Q 2 in a region where there is no experimental data yet and argue that future experimental measurement of F 2 in this region can be used to test the model.
III. ADS/CFT COLOR DIPOLE MODEL
The forward scattering amplitude N of adipole on a large nuclear target (with atomic number A) at high-energy for a strongly coupled N = 4 super Yang-Mills theory employing AdS/CFT correspondence was derived in [17] and has the following form:
The parameter c 0 in the above equations is a constant which relates the transverse dipole size r, the collision energy √ s and the maximum extent of the string in the z-direction labeled by z max [17] ,
where the value of c 0 is given by
The parameter a 0 in Eq. (6) is given by
where λ Y M = g 2 YM N c denotes the 't Hooft coupling with g YM the Yang-Mills coupling constant. The parameter Λ can be identified as the transverse momentum scale [17] . Note that in Eq. (8) ∆ can be imaginary for small m, but the parameter ρ is always real.
One can also rewrite the dipole amplitude Eq. (6) as a function of Bjorken-x. To simplify and approximate the r-integral in Eq. (1) we relate the virtuality of the photon Q to the dipole size Q = b 0 /r where the parameter b 0 will be determined from a fit to the data. Therefore, the Bjorken-x variable in DIS becomes
By using the above relation, one can rewrite thedipole-nucleus amplitude defined in Eq. (6) as a function of x and r,
1 From Eq. (10) one can immediately recover the case considered by Maldacena [23] for the shape of a static
Wilson loop in an empty AdS 5 space by putting s = 0. 2 Note that we ignore the proton mass in the Bjorken-x definition since its effects in the kinematic region of our interest is negligible and will not change the results.
where we defined M 0 = b 0 c 0 and
The impact-parameter integrateddipole cross-section on a proton target is then related to the dipole amplitude via σ(r, x) = σ 0 N(r, x).
As a comparison to other dipole models, we will cross-check our results with the popular GBW color dipole model proposed by Golec-Biernat and Wüsthoff [19] . This model is able to describe DIS data with the dipole cross-section parametrized as
where x-dependence of the saturation scale is given by
GeV.
We have not assumed anything about the functional form of the saturation scale in the dipole amplitude (14) . Note that there is no unique definition for the saturation scale in literature.
Following Refs. [19, 24, 25, 26] we define a saturation scale Q 2 s = 2/r 2 s as a momentum scale at which thedipole scattering amplitude N becomes sizable
For the GBW model, this definition coincides with the saturation scale Q s defined in Eq. (17) .
Similarly, the saturation scale in AdS/CFT dipole model (14) is then defined as
Note that the AdS/CFT dipole scattering amplitude N from Eq. (14) with the saturation scale from Eq. (19) exhibits the property of geometric scaling [27] : it is a function of
Moreover, the anomalous dimension in the AdS/CFT dipole model is γ s = 0.5 which is rather close to the value of 0.44 obtained from the numerical solution of the BK equation [28] . Thus in many ways our AdS/CFT inspired model is similar to the predictions of CGC. The main difference is in the x-dependence of the saturation scale Q AdS s (x), which we will discuss shortly.
In this section, we confront the AdS/CFT color-dipole with the experimental data from DIS and test its validity by investigating whether its free parameters can be fitted to the experimental measurements of the proton structure function F 2 .
In the dipole amplitude given by Eqs. (14) we take M 0 = b 0 c 0 to be a free parameter since the value of b 0 is not known. The parameters b 0 and c 0 always appear only as a product denoted by M 0 and cannot be taken in the fitting as two independent parameters.
By taking M 0 as a free parameter, we also allow the parameter c 0 to deviate from its value obtained from the AdS/CFT approach. This is motivated by the fact that the value of c 0 given by Eq. (11) is true for N = 4 SYM theory, and is likely to be different for QCD. The
CFT dipole model appears as an overall factor in the saturation scale in Eq. (19) : it can be taken as another free parameter in the fit. As λ Y M and Λ only appear together in A 0 we put Λ = 1 GeV throughout this paper and vary λ Y M .
We examine different cases with λ Y M = 5, 10, 20, 30 and 40 . The other two free parameters M 0 and σ 0 in the AdS/CFT dipole model will be determined from a fit to the DIS data.
Notice that the GBW dipole model given by Eq. (16) also has 3 unknown parameters: x 0 , λ, and σ 0 .
We shall use HERA data from ZEUS [30, 31, 32, 33] measurement of F 2 . Following the earlier analysis Refs. [24, 25, 26, 29, 34] , we do not include the H1 data in order to avoid introducing extra normalization parameters relating ZEUS and H1 data. The AdS/CFT color dipole model is motivated by non-perturbative QCD and could only be applicable at small Q 2 . Therefore, we are interested in small x and Q 2 where most data is from ZEUS.
Unfortunately the experimental data points for the structure function at very small x and Q 2 are very limited.
Note that the GBW model is motivated by the perturbative QCD and its validity at very small Q 2 is questionable, though it can be extended to higher Q 2 if the full DGLAP evolution is used. For the same reason, in the earlier analysis of the GBW model, the data below Q 2 = 0.25 GeV 2 was not included in the fitting [19] , although inclusion of those data does not have a significant effect on the parameters obtained from the fit (see also table II) .
Here, we use the GBW model only as a benchmark in order to compare our results with a perturbatively motivated dipole model.
The resulting parameters of the AdS/CFT and the GBW color-dipole models and χ is seen that the parameters of the GBW model obtained from the fit to the data bin of [25] . However, the value of the intercept λ increases from λ = 0.299 to λ = 0.368 when we limit the data to a lower virtuality
The value of λ ≈ 0.25 − 0.30 is consistent with perturbative predictions based on small-x evolution with running coupling and other higher order corrections [6, 9, 11, 35, 36] . The quality of the fit based on the AdS/CFT color-dipole model is very sensitive to the upper bound of the given Bjorken-x bin. This can be seen in table I where including data with x ≈ 10 −4 dramatically increases χ 2 and worsens the fit. This is in contrast to the GBW model which gives a surprisingly good fit for a wide range of x (see also [14] and probably to the rest of the expression (6) . To (roughly) quantify how small the coupling λ Y M can be with our ansatz (6) still remaining dominant we notice that string excitations corrections calculated in the second reference in [14] been considered in the literature [37] to describe RHIC heavy ion data.
In keep in mind that the AdS/CFT dipole amplitude (6) was calculated in [17] for very heavy dressed (constituent) quarks: extrapolating it to massless quarks pushes Eq. (6) closer to the theoretical limit of its applicability. In practice, due to the largeness of the saturation scale in this model (see below), the structure function F 2 is not very sensitive to light quark masses in the range of m u,d,s that we consider. One may expect that, since the AdS/CFT calculation of [17] was done for heavy quarks, the fit should improve with the inclusion of charm. However, note that large charm quark mass makes QCD coupling small making corresponding QCD physics more perturbative. As the AdS/CFT calculation we are using is valid for large coupling only, inclusion of charm also pushes the model to the limit of its applicability. This could be the reason the fit gets slightly worse when we include charm quark mass. Another potential danger of including heavy flavor is in the fact that they shorten the typical coherence length of the quark dipole, potentially making it smaller than the size of the proton and invalidating the dipole approach altogether. This is a problem common to all dipole models.
The value of M 0 = b 0 c 0 obtained from the fit (in tables I, III and IV) is surprisingly small.
The parameter b 0 relates the virtuality of the photon to the dipole size, and one expects it to be of order of one. On the other hand, the parameter c 0 obtained from the AdS/CFT approach Eq. (11) the smallness of M 0 obtained from the x-dependent AdS/CFT dipole model. Therefore, the smallness of M 0 is due to the smallness of the parameter c 0 preferred by HERA data.
V. PLOTS AND PREDICTIONS
Let us now plot the F 2 structure function given by our fit presented above. In Fig. 1, we show the description of the proton structure function F 2 obtained from the fit given in table I for the AdS/CFT and in table II for the GBW dipole model. Notice that although both models give a good fit of existing data, they lead to drastically different predictions for the structure function at smaller x in the region where there is no experimental data yet.
The main prediction of the AdS/CFT color-dipole model is that at very small x it gives rise to a saturating behavior of the structure function which becomes independent of x. The onset of this limiting (scaling) behavior moves to a smaller x for larger Q 2 . This can be also seen from Fig. 2 where in the left panel we plot the AdS/CFT dipole cross-section as a function of the dipole transverse size r. It is obvious that AdS/CFT dipole cross-section profile saturates for x < 10 −8 and will not change further with x. This is in contrast with the GBW model (and other available dipole models) where the dipole cross-section rapidly changes as we move toward smaller x, though a certain slowing down of the x-dependence at small-x is observed in [11] due to running coupling effects. In the right panel of Fig. 2 we show the saturation scale for both the AdS/CFT and the GBW dipole models. It can be seen that the saturation scale in AdS/CFT dipole model is smaller than the one obtained from the GBW model at very small x. Moreover, the AdS/CFT model of [17] predicts that the saturation scale saturates. The saturation scale in the AdS/CFT dipole model defined via due to the large saturation scale in this model, which cuts off the infrared effects making the physics less sensitive to the u, d, s quark masses. The fact that the saturation scale in Fig. 3 is rather large probably explains why the charm quark mass does not affect it either. The curves for the structure function F 2 in the massless light quarks case are not very different visually from the massive quarks case curves shown in Fig. 1 already: that is why we do not show the massless case curves there.
In Fig. 4 , we plot the charm structure function F c 2 (x, Q 2 ) given by our AdS/CFT dipole model. Note that we use a fit to F 2 data (table III) within the range of x ∈ [6.2 × 10 −7 , 6 × 10 2.5] . Therefore the experimental data in Fig. 4 are beyond the range of our fit. Moreover, the large values of Q 2 in Fig. 4 push our AdS-inspired model to the limit of its validity. Hence the curves in Fig. 4 can be thought of as predictions of our model. We see that the agreement with data even in this region is rather good.
In Fig. 5 , we show the predictions of our AdS-inspired model for the longitudinal structure function F L (x, Q 2 ) calculated using Eq. (5). We use the same fits as employed in Fig. 1 .
Unfortunately currently there is no data for F L (x, Q 2 ) at low Q 2 and low x where our model is valid. It can be seen from Fig. 5 that a precise measurement of F L at small x and Q 2 can offer a complimentary information which may help one discriminate between different DIS models. (We checked that including charm quark will not improve the fit either.) There could be several reasons for this small discrepancy, one of them being that, after all, the AdS/CFT calculation [17] was not done for QCD, but for a different theory, N = 4 SYM. Note that we have not included total photoproduction cross-section data in obtaining the fit given in table V since there are only few data points at high energies with rather large error bars. The lower-energy photoproduction data points, while exist [39] , are beyond the limit of applicability of our high-energy model. It has been already shown that it is very difficult to simultaneously describe the low energy photoproduction total cross-section and F 2 data with a single color dipole amplitude without any extra input [41] . This is partly Experimental data are from H1 [39] and ZEUS [40] collaborations. We used the fits given in due to the fact that the color dipole approach is not valid at low energy as the coherence length becomes too short compared to the size of the target proton. One should also bear in mind that the AdS/CFT color dipole amplitude was derived while modeling the proton by an ultra-relativistic shock wave, which may not be a good approximation for lower energy scattering.
From Figs. 1, 4, 5 and 6 it is again clear that the AdS/CFT color dipole model predicts that at low virtuality and at very high energy/very small-x, the underlying dipoletarget cross section σshould become independent of x or s, leading to a plateau in the x-dependence for F 2 , F c 2 , F L and the total photoproduction cross-section.
VI. DISCUSSION
In this paper we have demonstrated that the AdS/CFT-inspired parameterization of the dipole amplitude N(r, x) is consistent with the existing low-Q 2 HERA data for the F 2 structure function. The AdS/CFT parameterization of the dipole amplitude allows to make distinct predictions for F 2 and F L structure functions at values of x below those where the data exist. In particular our AdS/CFT-inspired model predicts x-independence of the structure functions F 2 and F L at very small-x. Hence the predictions of our AdS/CFT parameterization can be tested at the future colliders, such as LHC and the proposed LHeC.
Indeed to make the above AdS/CFT model fit the data we had to assume that c 0 is about two orders of magnitude smaller than c 0 ≈ 0.83 predicted by classical AdS/CFT calculations of [17] . The discrepancy between the two results may be due to the difference between N = 4 SYM theory and QCD. One should also remember that the calculation of [17] was purely classical (extremizing the string profile in the classical gravity background), and quantum corrections of the order of 1/ √ λ Y M may be important for the description of the data. Further research is needed to quantify these issues.
A more general question about the applicability of strong-coupling based methods like AdS/CFT to the description of DIS data also has to be asked. Indeed if the strong coupling constant always runs with Q 2 , then at low-Q 2 considered above the coupling should be large justifying the use of non-perturbative approaches. At the same time at low-Q 2 but with x small enough for Q s to be large, it is likely that the coupling runs with the saturation scale Q s . As the proton's saturation scale for the range of small x considered above varies in the interval of 1 ÷ 3 GeV for most models [9, 11, 19] , one could then argue that the problem is perturbative and strongly-coupled methods are not needed to describe the DIS data. Indeed purely perturbative CGC approaches are rather successful in describing the DIS data (see [11] for the most comprehensive and rigorous CGC calculation to date). However, it is likely that the story is more complicated: as one can see in the explicit running coupling calculations [10] for the BK and JIMWLK equations, the strong coupling runs with the size of the dipoles, which indeed varies from non-perturbative to perturbative distance scales. Hence even at large Q s the non-perturbative contribution to F 2 may be non-negligible, though it does tend to be suppressed as Q s grows very large. Our work above could be viewed as an effort to estimate the shape of the contribution of the non-perturbative physics to the F 2 structure function. We find it rather interesting that, modulo the above-mentioned open questions, the non-perturbative AdS/CFT-inspired physics can be made largely consistent with the F 2 data at small-Q 2 .
